Abstract. An M ∨ -matrix has the form A = sI − B, where s ≥ ρ(B) ≥ 0 and B is eventually nonnegative; i.e., B k is entrywise nonnegative for all sufficiently large integers k. A theory of M ∨ -matrices is developed here that parallels the theory of M-matrices, in particular as it regards exponential nonnegativity, spectral properties, semipositivity, monotonicity, inverse nonnegativity and diagonal dominance.
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D.D. Olesky, M.J. Tsatsomeros, and P. van den Driessche based on replacing nonnegativity of the matrix B with conditions related to eventual nonnegativity (positivity) of B; i.e., the existence of a positive integer k 0 ≥ 1 such that B k is entrywise nonnegative (positive) for all k ≥ k 0 . We briefly describe these generalizations next.
In [8] , pseudo M-matrices are introduced. These are matrices of the form A = sI − B, where s > ρ(B) > 0, ρ(B) is a simple eigenvalue that is strictly greater than the modulus of any other eigenvalue of B, and the left and right eigenvectors associated with ρ(B) are strictly positive. It turns out that these assumptions on B are equivalent to eventual positivity of B; see [8, Theorem 1] . In [8, Theorem 8] it is shown that the inverse of a pseudo M-matrix is eventually positive; see also [5, Theorem 3.2] .
In [9] , matrices of the form A = sI − B are also considered, where s > ρ(B) with B irreducible and eventually nonnegative. In [9, Theorem 4.2] it is shown that if an eventually nonnegative matrix B is irreducible and the index of the eigenvalue 0 of B is at most 1, then there exists β > ρ(B) such that A = sI − B has a positive inverse for all s ∈ (ρ(B), β).
In [5] , the authors consider the above classes of matrices, as well as the class of EM-matrices, which are of the form A = sI − B, where s ≥ ρ(B) > 0 and B is eventually nonnegative. The classes of M-matrices and pseudo M-matrices are both proper subsets of the class of EM-matrices; see [5, Fig. 2 .1]. Properties of the eigenvalues, inverses, and splittings of a proper superset of EM-matrices are developed in [5] .
In this paper we define and examine the following class of matrices, which is slightly different from those considered in [5, 8, 9 ]. An M ∨ -matrix has the form A = sI − B, where s ≥ ρ(B) ≥ 0 with B eventually nonnegative. The class of M ∨ -matrices is a proper superset of the class of EM-matrices. In Sections 3 and 4, we show that M ∨ -matrices satisfy many analogous properties of M-matrices. This is accomplished by borrowing theory and techniques used in the cone-theoretic generalizations of M-matrices, and by drawing on recent advancements in the study of eventually nonnegative matrices. The latter have been the focus of study in recent years by many researchers, partly because they generalize and shed new light on the class of nonnegative matrices (see [3, 4, 8, 11, 18, 19] ) and partly because of their applications in systems theory (see [12, 15, 16, 17] 
and the corresponding eigenvector is strictly positive.
Note that this definition of the Perron-Frobenius property is taken from Noutsos [11] and excludes ρ(X) = 0 (whereas, for example in [6, 14] , ρ(X) = 0 is allowed).
The nonnegative orthant in R n , that is, the set of all nonnegative vectors in R n , is denoted by R n + . For x ∈ R n , we use the notation x ≥ 0 interchangeably with
In each case, we denote the smallest such nonnegative integer by k 0 = k 0 (B) and refer to it as the power index of B with respect to eventual nonnegativity (positivity);
• eventually exponentially nonnegative (positive) if ∃t 0 ∈ [0, ∞) such that ∀t ≥ t 0 , e tB ≥ 0 (e tB > 0). In each case, we denote the smallest such nonnegative number by t 0 = t 0 (B) and refer to it as the exponential index of B with respect to eventual exponential nonnegativity (positivity). Proof. Let B and m be as prescribed and notice that for every k ≥ 2m, there exist integers p ≥ 2 and r ∈ {0, 1, . . . , m − 1} such that k = p m + r. Thus
It follows that B v ≥ 0 and that its power index is m.
3. Basic properties of M ∨ -matrices. By the Perron-Frobenius Theorem, for every B ≥ 0, ρ(B) ∈ σ(B). As a consequence, the minimum of the real parts of the eigenvalues of an M-matrix A belongs to σ(A). Analogous results hold for eventually nonnegative and M ∨ -matrices. To prove this, we first quote some results from [8, 11] . Note that in the second theorem below from [11] , the assumption that B is not nilpotent is added; this assumption is needed as observed in [6] . Furthermore, the converse of Theorem 3.2 is not necessarily true. (ii) B is eventually positive.
(iii) B T is eventually positive. 
By Lemma 2.3, B is eventually nonnegative with k 0 (B) = 2 and spectral radius ρ(B) = 2 of algebraic multiplicity two. Note also that B is not eventually positive since B k is reducible for all k ≥ 2.
The following basic properties of an M ∨ -matrix are immediate consequences of its definition, as well as Theorems 3.1 and 3.2. 
In the following result, different representations of an M ∨ -matrix are considered (analogous to different representations of an M-matrix).
Then in any representation
A = tI −B withB v ≥ 0, it
follows that t ≥ ρ(B). If, in addition, A is nonsingular, then t > ρ(B).
Proof. Since A is an M ∨ -matrix, A = sI − B ∈ R n×n for some B v ≥ 0 and some
, and by Theorem 3.2, this containment also holds if B is not nilpotent. A similar containment holds forB.
(B). If A is nonsingular, then by Theorem 3.4 (iii) it follows that s > ρ(B) and so t > ρ(B).
As with M-matrices (see [2, Chapter 6 , Lemma (4.1)]), we can now show that the class of M ∨ -matrices is the closure of the class of nonsingular M ∨ -matrices. If B is only eventually nonnegative, then a further condition is imposed to yield a result similar to the above theorem. To prove this, we first need the following theorem. 
Hence −A is an eventually exponentially nonnegative matrix with exponential index t 0 such that t 0 > 1. 
it follows that the (3, 1) and (4, 2) entries of e tB (and thus e −tA ) are negative for all t > 0. That is, −A is not eventually exponentially nonnegative.
Monotonicity, semipositivity and inverse nonnegativity.
There are several properties of a Z-matrix A that are equivalent to A being an M-matrix. These properties are documented in the often cited Theorems 2.3 and 4.6 in [2] : positive stability, semipositivity, inverse nonnegativity and monotonicity among others. In the cone-theoretic generalizations of M-matrices (see [13] ), these properties are generalized and shown to play an analogous characterizing role. In the following theorems we examine the form and role these properties take in the context of M ∨ -matrices. 
(ii) s > ρ(B) (positive stability of A). 
Proof.
(i)=⇒(ii). This implication follows by Theorem 3.5 and invertibility of A.
(ii)=⇒(i). It follows from the definition of an M ∨ -matrix and Theorem 3.4 (i).
(iii)=⇒(iv). Assume (iii) holds and consider y = Ax ∈ K. As A −1 exists,
(iv)=⇒(iii). Assume (iv) holds. First notice that A must be invertible because if
x ∈ K and so y ≥ 0.
(ii)=⇒(iii). If (ii) holds, then ρ(B/s) < 1 and so
Consequently, for all x ≥ 0,
Now suppose that B is not nilpotent, that is, ρ(B) > 0. To prove that (i)-(iv) are equivalent it is sufficient to show that (iii)=⇒(ii). (b) It is well known that when an M-matrix is invertible, its inverse is nonnegative. As mentioned earlier, in [8, Theorem 8] it is shown that the inverse of a pseudo M-matrix is eventually positive. In More equivalent conditions for a matrix to be an M ∨ -matrix can be added if some a priori assumptions are made. A result about pseudo M-matrices similar to the equivalence of (i) and (iii) below can be found in [5, Theorem 3.11] . ρ(B) ). Consider the following conditions:
(ii) There exists an invertible diagonal matrix D ≥ 0 such that the row sums of AD are nonnegative.
(iii) There exists x > 0 such that Ax ≥ 0 (semipositivity).
Then (i)=⇒(ii)⇐⇒(iii). If, in addition, B is not nilpotent, then all conditions
Proof. Let A be as prescribed and let w > 0 so that Bw = ρ(B)w. 
Since z T y ≥ 0 and z T y = 0, it follows that s ≥ ρ(B) and thus A is an M ∨ -matrix, so (ii) implies (i). 
